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A 1 ( )

f : [0,∞) −→ R a > 0

Ia(f) =
1

a

∫ a

0

f(x) dx

(1) lim
x→∞ f(x) = A ∈ R lim

a→∞ Ia(f) = A

(2) lim
a→∞ Ia(f) = A ∈ R 0 ≤ x1 < x2 < . . .

lim
n→∞xn = ∞ lim

n→∞ f(xn) = A

( )

(1)

I := [0,∞) f : I −→ R, f ∈ C(I) lim
x→∞ f(x) = A ∈ R

∀ε > 0, ∃δ > 0, ∀x > δ ; |f(x)−A| < ε

2

ε > 0 δ > 0 a > δ a

|Ia(f)−A| =
∣∣∣∣1a

∫ a

0

f(x) dx−A

∣∣∣∣ =
∣∣∣∣1a

∫ a

0

{f(x)−A} dx
∣∣∣∣ ≤ 1

a

∫ a

0

|f(x)−A| dx (∵ a > 0)

=
1

a

{∫ δ

0

|f(x)−A| dx+

∫ a

δ

|f(x)−A| dx
}

<
1

a

{∫ δ

0

|f(x)−A| dx+

∫ a

δ

ε

2
dx

}

=
1

a

∫ δ

0

|f(x)−A| dx+
a− δ

2a
ε <

1

a

∫ δ

0

|f(x)−A| dx+
ε

2

1



a > 0
1

a

∫ δ

0

|f(x)−A| dx <
ε

2

a0 := max

{
δ,

2

ε

∫ δ

0

|f(x)−A| dx
}

a > a0 |Ia(f)−A| < ε

2
+

ε

2
= ε,

∀ε > 0, ∃a0 > 0, ∀a > a0 ; |Ia(f)−A| < ε

lim
a→∞ Ia(f) = A �

(2)

f : I −→ R, f ∈ C(I) lim
a→∞ Ia(f) = A ∈ R

(i)

lim
x→∞ f(x) = A lim

n→∞xn = ∞ I {xn}n∈N

lim
n→∞ f(xn) = A

(ii)

lim
x→∞ f(x) = B ∈ R\{A} (1) lim

a→∞ Ia(f) = B �= A

(iii)

lim
x→∞ f(x) = ∞

∀R > 0, ∃δ > 0, ∀x > δ ; f(x) > 2R

R > 0 δ > 0 a > δ a

Ia(f) =
1

a

∫ a

0

f(x) dx =
1

a

{∫ δ

0

f(x) dx+

∫ a

δ

f(x) dx

}

>
1

a

{∫ δ

0

f(x) dx+

∫ a

δ

2Rdx

}
=

1

a

{∫ δ

0

f(x) dx− 2δR

}
+ 2R

a > 0
1

a

{∫ δ

0

f(x) dx− 2δR

}
> −R

a1 := max

{
δ,

1

R

{
2δR−

∫ δ

0

f(x) dx

}}

a > a1 Ia(f) > R,

∀R > 0, ∃a1 > 0, ∀a > a1 ; Ia(f) > R
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lim
a→∞ Ia(f) = ∞ lim

x→∞ f(x) = −∞
lim
a→∞ Ia(f) = −∞

(iv)

∃B < A, ∃δ > 0, ∀x > δ ; f(x) ≤ B

lim
a→∞ Ia(f) ≤ B < A

∃B > A, ∃δ > 0, ∀x > δ ; f(x) ≥ B

lim
a→∞ Ia(f) ≥ B > A

(ii),(iii),(iv) (i)

∃x1 ≥ 0 ; |f(x1)−A| < 1

x1 ∈ I

∃x2 ≥ x1 + 1 ; |f(x2)−A| < 1

2

I {xn}n∈N

∀n ∈ N ;

(
xn+1 ≥ xn + 1 ∧ |f(xn)−A| < 1

n

)

lim
n→∞xn = ∞ lim

n→∞ f(xn) = A

(i) I {xn}n∈N lim
n→∞xn = ∞ lim

n→∞ f(xn) = A

�
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A 2 ( )

a x 2

V V S, T

S(f(x)) = x2f

(
− 1

x

)
, T (f(x)) = f(x+ a), (f(x) ∈ V )

U = S ◦ T

(1) V U

(2) V U a

( )

(1)

C V = x2
C+ xC+ C f(x) ∈ V

U(f(x)) = (S ◦ T )(f(x)) = S(T (f(x))) = S(f(x+ a)) = x2f

(
− 1

x
+ a

)

f(x) = px2 + qx+ r ∈ V (p, q, r ∈ C) U

pU(x2) + qU(x) + rU(1)

= U(px2 + qx+ r) = U(f(x)) = x2f

(
− 1

x
+ a

)

= x2

{
p

(
− 1

x
+ a

)2

+ q

(
− 1

x
+ a

)
+ r

}
= p(a2x2 − 2ax+ 1) + q(ax2 − x) + rx2

U(x2) = a2x2 − 2ax+ 1, U(x) = ax2 − x, U(1) = x2

(U(x2), U(x), U(1)) = (a2x2 − 2ax+ 1, ax2 − x, x2) = (x2, x, 1)

⎛
⎝ a2 a 1
−2a −1 0
1 0 0

⎞
⎠

V x2, x, 1 U

A =

⎛
⎝ a2 a 1
−2a −1 0
1 0 0

⎞
⎠

U det(tE3 −A)
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det(tE3 −A) = det

⎛
⎝t− a2 −a −1

2a t+ 1 0
−1 0 t

⎞
⎠ = det

⎛
⎝ 0 −a t(t− a2)− 1

0 t+ 1 2at
−1 0 t

⎞
⎠

= a · 2at+ {t(t− a2)− 1} · (t+ 1) = (t+ 1)(t2 − a2t− 1) + 2a2t

= t3 − (a2 − 1)t2 + (a2 − 1)t− 1 = (t− 1){t2 − (a2 − 2)t+ 1}
�������������������������

(2)

U λ C
3 ker(λE3 − A) dλ := dimker(λE3 − A) λ

mλ U : V −→ V U

λ0 dλ0 < mλ0 dλ ≥ 1

∃λ ∈ C ; mλ ≥ 2, U

(i)

det(tE3 −A) 3 1 a2 − 2 = 2 ⇔ a = ±2 a = ±2

(i-1)

a = 2 v := t(x, y, z) ∈ ker(E3 −A)

0 = (E3 −A)v =

⎛
⎝−3 −2 −1

4 2 0
−1 0 1

⎞
⎠

⎛
⎝x
y
z

⎞
⎠ =

⎛
⎝−3x− 2y − z

4x+ 2y
−x+ z

⎞
⎠

⇔ (y = −2x ∧ z = x) ⇔ v = x

⎛
⎝ 1
−2
1

⎞
⎠

ker(E3 −A) = span{t(1,−2, 1)}

d1 = dimker(E3 −A) = 1 < 3 = m1

U

(i-2)

a = −2 v := t(x, y, z) ∈ ker(E3 −A)

0 = (E3 −A)v =

⎛
⎝−3 2 −1
−4 2 0
−1 0 1

⎞
⎠

⎛
⎝x
y
z

⎞
⎠ =

⎛
⎝−3x+ 2y − z

−4x+ 2y
−x+ z

⎞
⎠

⇔ (y = 2x ∧ z = x) ⇔ v = x

⎛
⎝1
2
1

⎞
⎠
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